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Approximations play an important role in multidisciplinary design optimization by offering system behavior
informationat a relatively low cost. Most approximateoptimizationstrategies are sequential, in which an optimiza-
tion of an approximate problem subject to design variable move limits is iteratively repeated until convergence.
The move limits are imposed to restrict the optimization to regions of the design space in which the approxima-
tions provide meaningful information. To ensure convergence of the sequence of approximate optimizations to a
Karush–Kuhn–Tucker solution, a move-limit management strategy is required. Issues of move-limit management
are reviewed and a new adaptive strategy for move-limit management is developed. With its basis in the provably
convergent trust region methodology,the trust region ratio approximationmethod (TRAM) strategy utilizes avail-
able gradient information and employs a backtracking process using various two-point approximationtechniques
to provide a � exible move-limit adjustment factor. In a companion paper, the new strategy is tested in comparison
to several existing strategies using a variety of multidisciplinary design optimization test problems. Those imple-
mentation studies highlight the ability of the TRAM strategy to control the amount of approximation error and
ef� ciently manage the convergence to a Karush–Kuhn–Tucker solution.

I. Introduction

T HE use of approximations to represent the design space is es-
sential to the ef� ciency of multidisciplinary design optimiza-

tion (MDO) algorithms.Approximationsprovideinformationabout
the system necessary for the optimization process without the cost
of executing CPU-intensive analysis tools. Moreover, the use of
approximationsallows for the temporary decouplingof disciplines,
which avoids the constant transfer of informationamong disciplines
required during an iterative system analysis. Through the use of de-
sign space approximations,optimizationof large, complex systems
is made more practicable. It is important that these approximations
accurately portray the design space so that the infeasible region is
avoided and the design objective is continuously improving. These
approximations will tend to stray from the actual system response
surfaceas thedesignmoves away from the datapoint(s) aboutwhich
the approximation was formed. Therefore, design variable move
limits are imposed to restrict the approximate optimization to re-
gions of the design space in which the approximationsare accurate.
After each sequence of approximate optimization, the approxima-
tionsof systembehaviorareupdatedwith new informationabout the
current design.Thus, many iterationsof such algorithmsmay be re-
quired before convergenceof the optimization process is achieved,
and every additional iteration adds to the cost of the process. In
light of this, a primary concern in developing an approximate opti-
mization strategy is the proper choice of a move-limit management
strategy.

The standard form of a nonlinear optimization process is

minimizewr tx f .x/; x D [x1; : : : ; xn ] (1)

subject to: g j .x/ D 0; j D 1; : : : ; J (2)

hk .x/ ¸ 0; k D 1; : : : ; K (3)

x.L/ · x · x.U / (4)
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The lower and upper bounds (x.L/ and x.U /) in Eq. (4) are global
variable bounds imposed by the designer.

Approximateoptimizationalgorithms typicallybuild approxima-
tions of the objective Qf and the constraints Qg and Qh and then solve
a sequence of approximate optimizations

minimizewr tx
Qf .x/; x D [x1; : : : ; xn ] (5)

subject to: Qg j .x/ D 0; j D 1; : : : ; J (6)

Qhk .x/ ¸ 0; k D 1; : : : ; K (7)

max
£
x.L/; x.t/

.l/

¤
· x · min

£
x.t/

.u/; x.U /

¤
(8)

In Eq. (8) additional move limits (x.t/
.l/ and x.t /

.u/
) about the current

design iterate x.t/ are placed on the design variables in an attempt to
ensure approximation accuracy. The superscript t denotes the cur-
rent design iterate within the sequential approximate optimization
process. These limits are temporary bounds applied at each design
iterate and may change as the optimization proceeds, but they are
always restricted by the original global bounds of the problem (x.L/

and x.U /). If the allowed changes in the design variables are too lib-
eral, the discrepancybetween the approximationsand the actual re-
sponse surface may eventually become unacceptableand adversely
affect theoptimizationprocess.Common maladiesare cyclingabout
a minimum or about a constraint boundary and the inability to re-
cover from an infeasible region. If the allowed changesin the design
variables are too stringent, the overall progress of the optimization
will be unnecessarily slowed, and more algorithm iterations will be
required, increasing the cost of the process.

It can be reasoned that the amount that design variables should
be allowed to change at any given time is related to the nature of
the design space at the current location, the accuracy of the cur-
rent approximation, and/or possibly even the history of previous
movements. Thus, the development of a strategy to account for the
aforementioned concerns in setting design variable move limits is
a worthy task. Several existing move-limit strategies are brie� y re-
viewed, and their strengths and weaknesses are highlighted.A new
move-limit strategy, which avoids many of the de� ciencies of ex-
isting methods, is developed in this research for use in approximate
optimization procedurescommonly employed in MDO algorithms.
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In a companion paper1 the strategy is tested in the coordination
module of the concurrent subspace optimization (CSSO).2

II. Review of Move-Limit Strategies
Move limits on design variables x are most often expressed in

terms of a percentageof the current design variable values x.t/ such
that

x .t/
i;.u/ D x .t/

i C A
­­x .t/

i

­­; x.t/
i;.l/ D x .t/

i ¡ A
­­x .t/

i

­­ .9/

The most straightforwardapproachto settingmove limits is to assign
a constant percentage A for the entire duration of the algorithm
execution.The inef� ciency of this procedure is obviousconsidering
that, as the design optimization process progresses, different move
limits would be more appropriate based on new approximations
and different regions of the design space. Recognizing the need
for an effective method of setting and adjusting design variable
move limits, many researchers have employed different strategies
in an attempt to improveef� ciencyin theirapproximateoptimization
algorithms. A thorough review of many of these strategies can be
found in Ref. 3; here they will be brie� y described, noting relevant
strengths and weaknesses of each method.

Pourazady and Fu4

In Ref. 5, it is claimed that “In general, move-limits should be
graduallyshrunkas the designapproachesthe optimum,” suggesting
a prescribed reduction scheme. Such a reduction method is offered
by Pourazady and Fu,4 in which the move limits are reduced from
the initially prescribed values in an exponential fashion based on
the iteration number

A.t/ D
¡
A.0/

¢t
; if A.0/ < 1 (10)

A.t/ D
¡
A.0/

¢1=t
; if A.0/ > 1 (11)

Methods employing prescribed reduction will ensure termination
of the design optimization process, but suboptimal designs may
be reached due to premature termination. Moreover, the ef� ciency
of these strategies is questionable because move-limit reduction is
often enforced when unnecessary.

Thomas et al.6

A strategy was offered by Thomas et al.6 that accounts for the
history of the design. All design variable move limits are reduced
by 50% whenever the maximum constraint violation has increased
during the last iteration, and individualmove limits are increasedby
33% whenever a design variablehits the same upper or lower move-
limit bound in two consecutive iterations.The constantpercentages
by which the move limits are decreased (50%) and increased (33%)
are heuristic factors, set based solely on experience, and different
factors would most likely be more appropriate for different design
variables, different regions of the design space, and different prob-
lems. Also, because the objective function is not considered, the
move-limits settings are driven by the bounds rather than overall
design improvement.

Bloebaum et al.7

A strategy based on design space sensitivity is developed by
Bloebaum et al. in Ref. 7. The theory is that those design vari-
ables with the most impact on design improvement should be given
less restrictivemove limits, whereas the less critical ones should be
restrictedbecause they have little effect on the design.This strategy
is carriedout by de� ning an effectivenesscoef� cient ei (� rst de� ned
in Ref. 8) for each design variable xi using the known sensitivities
at the current design point

ei D

8
>>><

>>>:

³
d f

dxi

xi

´¿³
dC

dxi

´
; if C ¸ 0

³
dC

dxi

´¿³
d f

dxi

xi

´
; if C < 0

.12/

where C is a cumulativeconstraintin the form of the Kreisselmeier–
Steinhauser9 function necessary to determine the overall effect of a

design variable on all of the constraints simultaneously.Upper and
lower boundsare set on the effectivenessby a onestandarddeviation
limit

eu D Ne C ¾e; el D Ne ¡ ¾e .13/

where Ne and ¾e are the mean and standard deviation of the efective-
ness coef� cients, respectively.Maximum and minimum move-limit
percentages (Au and Al ) are then chosen, so that any variable with
an effectivenesscoef� cient aboveeu is assigned the maximum move
limit, and any variable with an effectiveness below el is assigned
the minimum move limit. For those variables with effectivenessbe-
tween eu and el , the move limits are assigned based on a linear
distribution of move limits between eu and el as

Ai D
¡
ei ¡ el

¢

2¾e
.Au ¡ Al / C Al .14/

In this strategy, the use of the cumulative constraint C is a point
of concern because accurate depiction of the extent of feasibil-
ity is highly dependent on the setting of the parameter ½ within
the Kreisselmeier–Steinhauser function.9 Also, the upper and lower
move-limit percentage limits (Au and Al ) are set heuristically. In
Ref. 7, several test cases are run, and differentvalues are chosen for
these quantities in each case, with no reasoning behind the choices.
More importantly, this strategy does not account for approximation
error.

Chen10

Chen10 proposed a number of different methods for calculating
design variablemove limits for use in the sequentiallinearprogram-
ming (SLP) algorithm. These methods utilize linear approxima-
tions of the constraints to determine when a bound will be reached.
Whereas each of the methods to be described is applicable to both
equality and inequalityconstraints,only the equationsdepicting the
inequalityconstraintswill be shown here. It is important to note that
Chen de� nes normalizedvalues (with respect to the nominal design
point x0 ) of both the design variable change

1X i ´
¡
xi

¯
x0

i

¢
¡ 1; i D 1; : : : ; nx .15/

and of the constraint sensitivities

dg j

dxi

´ x0
i

dg j

dxi

­­­­
x D x0

; j D 1; : : : ; ng .16/

for use in thesemethods.Essentially,1X is thepercentage A de� ned
earlier.

Chen Method I
In Chen’s � rst strategy, the assumption is made that all of the

design variable changes are the same percentage

1X D 1X1 D 1X2 D ¢ ¢ ¢ D 1Xnx .17/

so that the 1X . j/ to enforce activity of each constraint g j ¸ b j can
be calculated as

1X . j/ D
­­g j .x0/ ¡ b j

­­
,³

nxX

i D 1

­­­­
dg j

dxi

­­­­

´
.18/

This quantity is calculated for each constraint g j , and the largest
1X . j/ calculated is taken as the move limit. The absolute value of
the numerator is justi� ed because the only concern is enforcing the
constraint to be active, regardless of whether it is from the feasible
or the infeasible side. In the denominator, the sum of the absolute
values of the constraint sensitivities is taken as a conservativemea-
sure. Because positive and negative sensitivitiesmay cancel out and
sum to a very small number, the sum of the absolute values avoids
calculationof very largemove limits. Althoughthis technicallydoes
not adhere to the linear approximation, it is at least conservative.

This method has many obvious faults associated with it. First of
all, restricting all of the 1X i to be equal basically predetermines
the direction in which the constraints are sought. Essentially, this
restriction limits the search directions to a set of 2nx vectors formed
from combinationsof positive and negativepercentchanges in each
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design variable. The result of this assumption is that the true min-
imum distance to the constraint bound is not obtained. Even more
illogical is that the largest 1X . j/ is taken as the move limit. The
largest 1X . j/ denotes the distance to the farthest bound so that, if
that step is taken, there is thepossibilitythat closerconstraintbounds
will be violated.The farthest constraint bound is desired only when
all constraintsare violated, in which case the goal is to satisfythe far-
thest constraint to guarantee satisfaction of all constraints. But this
method does not differentiate between feasibility and infeasibility,
which is another fault. Why should one be concerned with feasible
constraintswhen other constraints are infeasible? It is possible that
feasibilityis assumedfor this method. In that case, the logicalchoice
for the move limit as calculated by Eq. (18) should be the smallest
1X . j / calculated so that the closest bound is the one considered.
Clearly, Chen holds a different philosophy concerningmove limits,
one which is not concerned with the maladies of poor approxima-
tionsbut concentrateson fast convergencealoneby reachingbounds
as soon as possible. This is evidenced in a statement that appears
later in Ref. 10 in which mention is made of the Thomas et al.6 strat-
egy of reducing move limits by 50% when the maximum constraint
violation has increased from the past iteration. In the Chen method
the move limits should be reduced when the maximum constraint
violation has decreased.

The most glaring de� ciency in this method is that the lineariza-
tions for which the move limits are required are themselves used
to calculate the move limits. If the linearization underpredicts the
constraint value in calculating the distance to the constraint bound,
it will also do so during the optimization, and the design will go
infeasible if that distance calculated is taken as the move limit.

Chen Method II
In this method, the strategy of method I is employed for the � rst

iterationonly.For subsequentiterations, the move limits are succes-
sively reduced by a user designated reduction factor, which Chen
denotes to be between 0.7 and 1. Therefore, this method is really
a combination of an approximation-basedstrategy with a constant
reduction strategy.

Because this method incorporates method I, all of the faults of
that method apply to this one. Similarly, the de� ciencies of a con-
stant reductionstrategy have been discussed.Another problem with
this method is that the active constraint set will change at some
time so that the relationshipbetween the move limits and constraint
satisfaction will change. Thus, there is no reason why one should
relate the move limits in the � rst iteration to those in subsequent
iterations, even by a constant reduction factor.

Chen Method III
This method provides different move limits for the different de-

sign variables. The magnitude of each constraint gradient is calcu-
lated as

krg j k D

vuut
nxX

i D 1

³
dg j

dxi

´2

.19/

and the step needed to reach each constraint along the direction of
the gradient is linearly approximated as

d. j / D
­­g j .x0/ ¡ b j

­­

krg j k
.20/

A move limit for each design variable is then set as the component
of the step d in the direction of that design variable as

1X . j /
i D

³­­­­
dg j

dxi

­­­­

¿
krg j k

´
d. j/ .21/

As in method I, because there may be more than one constraint,
the largest move limit calculated from Eq. (21) is chosen for each
design variable.

This method overcomesmany of the de� ciencies of method I. Its
direction of search for the constraint bounds is logical, and it sets
individual design variable move limits. However, the rami� cations
of using the largest 1X . j/ as the move limit have been discussed.

Also, as in method I, the move limits are calculated using the lin-
earizations for which they are needed, with no regard for any error
which may exist in those linearizations.

Chen Method IV
This method incorporatesa quantity that has been overlookedby

the preceding three methods proposed, the objective function. The
whole point of the optimization process is to optimize the objec-
tive function; thus, a given design variable’s effect on the objective
shouldnecessarilybe consideredin determiningitsmove limit.Chen
de� nes a weighting term for each xi as

wi D
­­­­
d f

dxi

­­­­

¿
kr f k .22/

A largerwi means that xi has more in� uenceon f so that it shouldbe
given more freedom. The weighting term is then applied to method
III so that Eq. (20) becomes

d . j / D
­­g j .x0/ ¡ b j

­­
,vuut

nxX

k D 1

³
wk

dg j

dxk

2́

.23/

and the equation for the move limit becomes

1X i D
­­­­d

. j /

³
wi

dg j

dxi

´
wi

­­­­

,vuut
nxX

k D 1

³
wk

dg j

dxk

2́

.24/

The addition of the extra weighting term in the numerator is used to
compensate for enlargement of the step d in Eq. (23) caused by the
reduction in the constraint gradients by the weighting terms in the
denominator. Again, the largest 1X . j/ is taken as the move limit.

This method has the same merits and demerits as method III. It
is an improvement in that the in� uence of the objective function is
considered in determining the move limits.

The methods proposed by Chen are all based on using gradient
information to estimate the distances to constraint boundaries. To
avoid large move limits, Chen suggests that only those constraints
that are close to their boundsbe included in the move-limit determi-
nation. Closeness to bounds is a vague and subjective concept for
which Chen offers no de� nition. Also, after all of the technical de-
velopment and reasoningbehind the methods described,Chen � nds
it necessaryto includea move-limit enlargementfactorof 1.2–2.0 to
accelerateconvergenceand avoid infeasibility.There is certainlyno
assurance that either of those results would be realizedby randomly
enlarging the move limits.

Fadel and Cimtalay11

Another strategy which relies on gradient information is devel-
oped in Ref. 11, which is based on the two-point exponential ap-
proximation (TPEA).12 This form of approximation is an extension
of the Taylor series, which accounts for a matching of the deriva-
tives at consecutivedesign points throughan exponentialcorrection
factor. The linear approximation is

Qg.t C 1/

j D g.t/
j C

nxX

i D 1

dg j

dxi

"³
xi

x .t/
i

ṕi

¡ 1

#³
x .t/

i

pi

´
(25)

pi D 1 C
»µ ³

dg j

dxi

­­­­
x.t/

´

¡
³

dg j

dxi

­­­­
x.t ¡ 1/

´¶¿£ ¡
x .t/

i

¢
¡

¡
x .t ¡ 1/

i

¢¤¼
(26)

In essence, this is a linear approximation with respect to the design
variables raised to some exponent pi . Upper and lower bounds of
1 and ¡1, respectively, are placed on the exponents, limiting the
approximation to some range between a linear and a reciprocal ap-
proximation with respect to each design variable. This is done to
ensure that a given design variable does not dominate the approx-
imation, although this seems to restrict any natural curvature that
may exist. It seems that some sort of scalingcouldbe imposedbased
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Fig. 1 Relationship between calculated exponent and assigned move
limit.

on the actual calculated exponent to meet this same goal. Also note
that this approximation takes into account the history of the de-
sign (information from the previous design point) allowing for a
progressive updating of the approximation based on its past trend.

Because any exponent calculated outside of the range of 1 to
¡1 is adjusted to meet these bounds, an error is introduced into
the approximation by forcing the restriction of the exponent. If the
calculated exponent is greater than 1, the approximation is forced
to be linear:

Qg j D g.t/
j C

nxX

i D 1

¡
xi ¡ x .t /

i

¢dg j

dxi
.27/

Assuming some move-limit percentage A so that the bounds of
Eq. (9) are enforced, the difference (error) between the actual ex-
ponential approximation of Eq. (25) and the forced linear approx-
imation of Eq. (27) due to a given variable xi can be calculated
as

1g j

¿³
x .t/

i

dg j

dxi

´
D .1 C A/pi ¡ 1

pi
¡ A .28/

The right-hand side is essentially the error term E , which is a con-
stant.A similarprocedurecanbe followedfor thoseexponentsbelow
¡1 that are forced to ¡1 (a reciprocal approximation), giving

1g j

¿³
x .t/

i

dg j

dxi

´
D .1 C A/pi ¡ 1

pi
¡

A

A C 1
.29/

Fadel and Cimtalay11 proposes that by selecting some acceptable
level of error E , an exponential plot of pi vs Ai can be formed for
each design variable. A typical plot of this sort is shown in Fig. 1.

Thus, for every actual calculated exponent, an associated move-
limit percentage Ai can be assigned. Observing that p is actually
a matrix of exponents pi j corresponding to each design variable
xi for each output g j , the question becomes which pi j controls
the move-limit settings for each variable. Because the move limits
are to be set for each design variable, the most nonlinear function
approximation with respect to a given design variable should be
the one that controls the size of the move limit. For example, if an
exponent of 2 is calculated for the relationshipof xi with g j , and an
exponent of 3 is calculated for the relationship of xi with gk (and
this is the highestexponent), then pi k D 3 should be used in Eq. (28)
in determining the move limit for this design variable. If none of
the exponents calculated for a given design variable are outside the
allowed range, then some maximum move limit should be set for
this design variable.

Fadel and Cimtalay’s11 approach is somewhat appealing in that it
accommodatesindividualmove-limitadjustmentand is basedsome-
what on the accuracy of the approximation. Yet, it seems that the
limitationon theexponentis enforcedmerely to developthemethod;
the calculated exponent is a representation of the curvature, and to
restrict the approximation to be between linear and reciprocal de-
grades the approximation.Moreover, the method is restricted to use
with the TPEA method, greatly limiting its application generally.
Also, note that the acceptable error term E is set heuristically, as
are maximum and minimum move-limit settings. Different choices
could signi� cantly affect the resulting move limits and, thus, the
ef� ciency of the algorithm.

Grignon and Fadel13

In Ref. 13, a fuzzy logic technique is used to assign move limits
to the design variables. Essentially, a fuzzy logic table is developed
to incorporate the TPEA strategy and the effectivenessstrategy that

were just discussed.The table, which is made up of different combi-
nations of exponents and effectiveness coef� cients, returns a value
of low, medium, or high, which is in turn defuzzi� ed by interpola-
tion between some prescribed minimum and maximum move-limit
multipliers. Reference 13 is not clear as to how this interpolation
actuallyworks, but states that the product of the exponent p and the
effectiveness coef� cient e is used and that the intent is to increase
move-limit bounds when the exponent is between ¡1 and 1 and e
is large. However, the simple product of quantitiesdoes not seem to
be consistent with this goal because exponents outside the ¡1 and
1 bounds would be larger in the absolute sense and would provide a
higher product. Again, prescription of the maximum and minimum
multipliers is a heuristic process; actually, it seems that the whole
idea of fuzzy logic is based on user-prescribed rules and is, thus,
heuristic in nature. Moreover, because the method incorporates the
two methods stated, it also introducesall of the problems associated
with them as already discussed.

Trust Region Approach
A strategy that falls into a class by itself is the trust region ap-

proach. This is a classical method prevalent in nonlinear program-
ming,14 which provides a framework for adaptively managing the
amountof movement allowed in thedesignspaceusingapproximate
models. Trust region methods were originally introduced as a way
of ensuring global convergence for Newton-like methods. It is so
named because the trust region de� nes the region in which one may
trust the approximate model to accurately portray the actual design
space. Quite simply, the trust region is merely another name for
the region of the design space de� ned by the design variable move
limits.

The trust region approach is based on the use of a reliability index
to monitor how well the current approximationis found to represent
the actualdesignspace.Consideringan unconstrainedproblemwith
an objective function f which is approximated by a function Qf , a
trust region ratio is de� ned as

½ .t/ D
f
¡
x.t/

¢
¡ f

¡
x.t/ C 1x

¢

f
¡
x.t/

¢
¡ Qf

¡
x.t/ C 1x

¢ .30/

This is simply the ratio of the actual change in the function to the
change predicted by the approximation.After each optimization it-
eration t, the trust regionradiusis updatedaccordingto the following
principles:

1) If the ratio is negative or small, the iteration is considered un-
successfulbecause either the actual objective increased(it is known
that Qf will not increase) or it did decrease,but not nearly as much as
predicted by the approximation. In either case, the approximation
is certainly poor, and the trust region must be reduced. For the case
of a negative ratio, most algorithms15– 17 actually reset the design
to the previous iterate and repeat that optimization iteration. This is
done to guarantee convergenceof the algorithm.

2) Conversely, if the ratio is large, a reasonable decrease in the
objective function has been observed relative to the approximate
decrease, and the iteration is considered successful.Note that if the
ratio is signi� cantly larger than one, the objective function actually
decreases more than had been predicted, and the approximation is
actuallya poor representationof the designspace.However,because
this scenario is actually favorable as more reduction is gained than
expected, an increase in the trust region radius is justi� ed.

3) Finally, if the ratio is an intermediate value, the wisest choice
of action may be to leave the size of the trust region as it is.

Mathematically, the preceding rules for updating the trust region
radius may be described by choosing constants to de� ne the ranges
of the ratio value for which reduction or enlargementare necessary.
The positive constants R1 < R2 < 1 and c1 < 1; c2 > 1 are chosen so
that the trust region radius (percent change allowed for each design
variable) is updated as

A.t C 1/ D

8
><

>:

c1 A.t/ if ½ .t/ < R1

c2 A.t/ if ½ .t/ > R2

A.t/ otherwise

.31/
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Typical values used15 ;16 for the limiting range values are R1 D 0:25
and R2 D 0:75. The trust region multiplication factors c1 and c2 are
chosen in Ref. 16 to be 0.25 and 2, respectively, whereas Ref. 15
suggests 0.5 and 2 and offers a method of adjusting these factors
that accounts for steps kx.t C 1/ ¡ x.t /k, which are smaller than the
current trust region radius ½ .t/.

In Ref. 14, an additional mechanism for regulating the trust
region is given to adjust the size of the radius to be consistent
with the magnitude of the steps taken. When the step taken to
solve the approximate optimization problem is a Newton step (a
step to the minimum of the quadratic approximation) that is shorter
than the current trust region radius, the radius is immediately re-
duced to the length of the Newton step.

A choice for the initial trust region size is left for the user to
determine.It may be basedon knowledgeof the problemor on some
other criteria, such as the length of the Cauchy step, a step to the
minimum of the approximation in the steepest descent direction, as
suggestedby Ref. 18. Anotheroptionofferedby Ref. 15 is to choose
the initial radius to be proportional to the norm of the gradient of
the objective, A.0/ D ®k.d f=dx/jx0 k, although proper choice of the
proportionality constant ® must still be dealt with. Although an
algorithm may recover from a bad initial trust region radius, this
value has an effect on the ef� ciency of the algorithm because extra
iterations may be required.

One can see that the trust region method encompasses many of
the ideas of the move-limit strategies already discussed. It uses
a constant reduction/enlargement scheme based on the history of
the previous iteration and on how well the convergence of the ap-
proximationconformed to the actual convergence.This information
might also be used for model management as alluded to in Ref. 19.
That is, the model used to approximate the design space might be
found to perform exceptionally well, so that use of a model with
less accuracy but lower computationalcost could be considered. In
CSSO,2 for example, it might be found that the quadratic formed
from the subspace data is extremely accurate in the coordination
procedure. As a result, it may be decided that either less data is
required in the next iteration or the subspace optimizations may be
bypassed altogether and a sequential linear approximation (SLA)
method could be performed until it is determined that a quadratic
model is again required. Thus, it can be seen that a tradeoff exists
between reducing the required level of approximationor expanding
the trust region for use with a highly accurate model.

Besides the arbitrary setting of the limiting range constants R1

and R2 and the adjustment factors c1 and c2 , one obvious drawback
to this method is that it is de� ned for unconstrainedoptimization. It
necessarilycompares the change in a singlequantityto the predicted
change in that quantity. For use in constrained optimization, this
is often overcome by the use of a penalty function, such as the
augmented Lagrangian function,20 in which the constraints of the
problem are included with the original objective function to form a
new objective function of the form

L D f C ¸T g C 1
2
gT Wg .32/

where ¸ is a vector of Lagrange multipliers and W is a diagonalma-
trix of penalty weighting terms. This type of problem modi� cation
is acceptable as long as the optimization algorithm may be adapted
to approximate and use the desiredpenalty function. In many cases,
however, the problem is formulated such that approximations are
available only for the objective function and constraints individu-
ally.Theseapproximationscan be combinedto forman approximate
penalty function, with the only additional burden being the calcula-
tion and updatingof penaltyparameters(Lagrangemultipliers,etc.).

The most promising aspect of the trust region approach is its
excellent global convergenceproperties.Global convergence is de-
� ned as the ability to converge to a local optimum from any start-
ing point. In Ref. 21, a proof of global convergence is offered for
constrained approximate optimization algorithms in which design
variable movement from iteration to iteration is governed by the
trust region. This characteristic is important to avoid cycling and
to provide steady convergence in the design process. The fact that
trust region algorithms are provably convergent is exploited in the
move-limit strategy developed in the following section.

III. Move-Limit Strategy Development
In developing a strategy to accomplish any task, it is a good idea

to � rst de� ne the primary objectives of the strategy. Limits on the
movementof designvariablesin systemlevelapproximateoptimiza-
tion procedures are necessary to remain nominally feasible and to
converge on a minimum. Thus, the primary goals of a move-limit
strategy for the system coordination procedure are fairly clear: 1)
maintain a decrease in the actual system merit and 2) maintain feasi-
bility.These objectivesde� ne what is desired for any given iteration
of the algorithmto guaranteeimprovementin the designand to avoid
cycling about the minimum. However, considering that the primary
goal froman algorithmstandpointis to reachthe optimumasquickly
as possible,we can add a third and most important objective,which
is to 3) allow as much change in the design variablesas can be toler-
ated to attain objectives 1 and 2. This � nal objective is the one that
determines the ef� ciency of the overall optimizationprocess.Thus,
the extent to which this objectiveis met can be considereda measure
of the effectiveness of a move-limit strategy. Implicit in these ob-
jectives is the ability to control the movement such that the error in
the approximations is maintained at a reasonable level. With these
goals in mind, the following strategy is developed to automatically
manage the adjustment of move limits in system level approximate
optimization procedures.

The trust region approach just discussed is a well-established
methodology, which has been shown to guarantee convergence of
algorithms21 that make use of approximations matching the actual
functionand gradientvaluesat a given point. It allows for expansion
and reductionof themove limits basedon the historyof the objective
convergence and the accuracy of the system approximation. How-
ever, its main detractions are that the acceptable trust region ratio
limits R1 and R2 are arbitrarilyset, as are the enlargement/reduction
factors c1 and c2 . These discrete limits result in an undesirable dis-
continuity of the move-limit adjustment factor. As can be seen in
Fig. 2, the difference between the move limits being held at their
current value (when R1 < ½ · R2) or multiplied/divided by a pre-
scribed constant such as 2.0 (when ½ > R2 or ½ · R1 ) may be very
slight, and this difference is dif� cult to justify. A continuous rela-
tionshipbetween ½ and the adjustment factor would provide a more
consistent and � exible mechanism for controlling the error in the
approximations.

The goal of the strategy is to provide a logical quantitative mea-
sure for enlarging/reducing the size of the trust region based on gra-
dient information. In essence, it is desired to determine the amount
of change in the design variables that would have still been accept-
able under the conditions of the trust region enlargement/reduction
rules alreadydiscussed.That is, if ½ · R1, the designhas progressed
beyond a region in which the approximation error is considered ac-
ceptable. We might then ask ourselves the question: At what point
should the designvariableshavebeen restrictedso that½ D R1? Sim-
ilarly, if ½ > R2, it seems that the design could have been allowed to
change further because the approximation is still quite acceptable
in this region. How much further could we have allowed the design
to progress until ½ D R2? Viewing the acceptable size of the trust
region in this manner will allow for a continuousdistributionof the
trust regionadjustmentfactor.Moreover,by allowingfor this type of
continuous distribution, it is believed that the arbitrary trust region
ratio limits (R1 D 0:25 and R2 D 0:75) may be done away with in
favor of a simple median value, R D 0:5. These issues are discussed
in the following strategy development.

Fig. 2 Discontinuity of the trust region adjustment factor.
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Developing a Model for the Trust Region Ratio
To answer the question of allowable movement just posed, it is

necessary to characterize the behavior of ½ as a function of the de-
sign variables. A true representationof ½.x/ could only be obtained
by solving Eq. (30) for ½ at any given instanceof x, a procedure that
is obviously too expensive to justify simply to obtain a move-limit
adjustment factor because it involves performing system analyses.
However,makinguse of the known valuesof ½ and sensitivityinfor-
mation (d f=dx; d Qf =dx) at the new design iterate x.t C 1/, an adequate
model of ½ can be formed as follows.

For brevity, herein any quantity [ ].t C 1/ referring to the .t C 1/st
iteration will be denoted by [ ]C. Equation (30) can be written as

½.t / D
f
¡
x.t/

¢
¡ f .xC/

f
¡
x.t/

¢
¡ Qf .xC/

D 1 f

1 Qf
.33/

and the change in each design variable can be de� ned as

1xi D xC
i ¡ x .t/

i .34/

An important quantity that is desired is the sensitivity of ½ with re-
spect to the design vector. This sensitivity informationcan be calcu-
lated using the sensitivitiesof the actual and approximate functions
at the new design point, taking the function value at the previous
point to be a constant. Thus,

d½

dxi

­­­­
xC

D
µ
1 Qf

³
¡ d f

dxi

­­­­
xC

´
¡ 1 f

³
¡ d Qf

dxi

­­­­
xC

´¶¿
.1 Qf /2 .35/

where, when using a second-order Taylor series approximation
for Qf ,

d Qf
dxi

D d f

dxi

­­­­
x.t /

C d2 Qf
dx2

i

1xi C d2 Qf
dxi dx j

1x j ; j 6D i .36/

At this point, one could construct a linear approximation to ½
as a function of x about the point xC simply using the derivatives
calculated from Eq. (35) in a � rst-order Taylor series. However,
from Eq. (33), it is obvious that ½ is a nonlinear function of x and
that a linear model could perform very poorly over the range of
D x. For the sake of example, consider a function of one variable,
as shown in Fig. 3a, along with the corresponding approximation.
Figure 3b shows the actual variation in ½ over the entire rangeof the
change in x for the function approximation shown in Fig. 3a. Note
that a linear approximation formed for ½ at the new design point
does a poor job of representing ½ over the range of the previous
step. In fact, if the goal were to estimate the allowable step to ensure
½ ¸ 0:5 (as it is in this research), it would be determined that almost
no movement from the previouspoint is allowed, when in fact a step
of approximately 1x D 3:5 would be acceptable. It should also be
noted that even if higher-order information could be obtained at the
new point, this single-point information is not enough to ensure a
good approximation of ½ over the entire range of 1x .

To obtain a better approximation for ½ , one can make use of
the information at the previous point x.t/. Although ½ is actually
unde� ned at this point because x.t/ D xC and f .x.t// D Qf .xC/ so
that

½ .t/ D
f
¡
x.t/

¢
¡ f .xC/

f
¡
x.t/

¢
¡ Qf .xC/

D 0
0

.37/

a) b)
Fig. 3 Modeling the trust region ratio.

it can be de� ned as ½ ´ 1 because this is the asymptotic value as
D x ! 0. This can be shown to be true for any relation between a
function and its approximationat the point about which the approx-
imation was formed as long as f .x.t// D Qf .x.t// is enforced.

One would think that use of sensitivity informationfor f and Qf at
the previous point would also give the sensitivityof ½ at that point,
allowing more information to be used for an even better approxi-
mation. However, from Eq. (35) it can be seen that 1 Qf D 0 at x.t/

deems d½=dx unde� ned. Moreover, because

d f

dx

­­­­
x.t/

D d Qf
dx

­­­­
x.t/

is enforced, even l’Hôpital’s rule does not yield a � nite d½=dx, and
so just as ½ was unde� ned using Eq. (33), so is d½=dx. Unlike
½ .t/ , .d½=dx/jx.t / has no common value applicable to all situations
becauseit dependson thecurvatureerror, i.e., the error in theHessian
terms. Therefore, for the purpose of this strategy, the information
used in forming an approximation for ½.x/ is limited to ½.t/, ½C,
and .d½=dx/jxC [from Eq. (35)].

One approximation technique that relies on only the aforemen-
tioned information is the two-point adaptive nonlinear approxima-
tion (TANA) method developed in Ref. 22. The basis of the TANA
method is the introductionof intervening variables

si D xr
i ; i D 1; : : : ; nx .38/

where xi are the original variables and r represents a nonlinearity
index allowing the inclusion of curvature but avoiding the need
for sensitivity information beyond � rst order. Thus, a � rst order
expansion of a general function z.s/ about the .t C 1/st iterate can
be written as

Qz.s/ D z.sC/ C
nxX

i D 1

dz

dsi

­­­­
xC

¡
si ¡ sC

i

¢
.39/

which, on substitution from relation (38), becomes

Qz.x/ D z.xC/ C 1
r

nxX

i D 1

xC1 ¡ r

i

dz

dxi

­­­­
xC

±
xr

i ¡ xCr

i

²
.40/

To determine the nonlinearity index r , the value of the approxima-
tion evaluated at the point x.t/ is forced to equal the known actual
function value at that point

z
¡
x.t/

¢
D Qz

¡
x.t/

¢
.41/

which, on substitution into Eq. (40), results in the feedbackformula

z
¡
x.t/

¢
D

"
z.xC/ C 1

r

nxX

i D 1

xC1 ¡ r

i

dz

dxi

­­­­
xC

±
x .t /r

i ¡ xCr

i

²#
.42/

From Eq. (42), r can be solved for using any iterative technique.
In terms of the trust region ratio, ½.x/ is approximated using the
TANA method as

Q½.x/ D ½.xC/ C 1
r

nxX

i D 1

xC1 ¡ r

i

d½

dxi

­­­­
xC

±
xr

i ¡ xCr

i

²
.43/

where r is solved for as in Eq. (42) with ½.x.t// ´ 1.
One might immediatelyrecognize that design variableswith neg-

ative values will result in the introduction of complex numbers in
the TANA approximation.That is, a negative number xi raised to a
noninteger exponent (r or 1 ¡ r ) is complex, a result that is useless
in the present context. This limits the application of the model in
Eq. (43) to problems in which the design variables cannot take on
nonpositivevalues. One might argue that the design vectors of most
engineeringproblemsare composedof quantities that are inherently
positive. Yet, this assumption cannot be accepted for the strategy to
be generally applicable.Negative variables can always be posed as
the difference of two variables restricted to be positive; however,
this increases the dimensionality of the problem and requires the
problem to be reformulated in its design vector.

A solution to this problem is realized by revisiting the goal of the
strategy:to backtrackalong the vector (®S.t/ ) joiningthecurrentand
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previous points to � nd the step size ®acc that would have resulted in
an acceptable amount of model error, where ® is used to denote the
step length along the unit vector S.t/,

S.t/ D xC ¡ x.t /

xC ¡ x.t /
.44/

Thus, all that is really necessary is a model for ½.®/, not ½.x/. This
realizationactually simpli� es the formation of the model because it
is reduced to a two-dimensional curve (in ®–½ space) rather than a
.nx C 1/-dimensional surface (in x–½ space). The desired model is
then

Q½.®/ D ½
¡
®.t /

¢
C 1

r
®.t/1 ¡ r d½

d®

­­­­
®.t /

¡
®r ¡ ®.t/r ¢

.45/

where ®.t/ D kxC ¡ x.t /k and

d½

d®

­­­­
® .t /

D
µ
1 Qf

³
¡d f

d®

­­­­
®.t /

´
¡ 1 f

³
¡d Qf

d®

­­­­
®.t/

´¶¿
.1 Qf /2 .46/

and

d f

d®
D

nxX

i D 1

d f

dxi

Si ; Si D
xC

i ¡ x .t/
i

®.t/
.47/

at any given design point x. One � nal transformationmust be made
with respect to ®. Because ®0, i.e., ® at the start of the iteration, is
zero, a singularity can be encountered in the solution of the expo-
nent r from Eq. (42). Moreover, ®.t / can be quite large if the design
variable changes are of considerablemagnitude, leading to numeri-
cal dif� culties in the TANA approximation.Both of these problems
can be solved by the combined shift/scale transformation

O® D ® C ®.t/

®.t/
.48/

so that O®0 D 1 and O®.t/ D 2. To account for the scaling, the sensi-
tivity d½=d® must also be scaled as .d½=d®/®.t/ (the shift does not
affect the sensitivity). These transformations do not alter the basic
formulation of the approximation. Herein the O[ ] will be removed,
and the transformationwill be assumed.

In the following, the steps described to calculate a nonlinearity
index r , a TANA approximation Q½TANA.®/ is formed for ½.®/. As
can be seen in Fig. 4, the TANA approximationadheres to the trend
of ½ as it is forced to match valuesand slopesat the two endpointsas
closely as possible.Such an approximationallows for a quantitative
estimate of the behavior of ½ that can be used to adjust the move
limits as described in the following section.

Determination of the Adjustment Factor
With an approximationfor ½ at our disposal,we revisit our origi-

nal question: How far could we have stepped in the previous search
direction to exactly meet the trust region ratio limit? The answer to
this question will provide us with a good estimate of the extent to
which we should increase or decrease the size of the trust region
for maximum ef� ciency in relation to the prescribed limit (½ D 0:5)

Fig. 4 TANA approximation for the trust region ratio.

a) b)

Fig. 5 Determination of the trust region adjustment factor.

Fig. 6 Continuous trust region adjustment.

de� ning successful and unsuccessfulmoves. This is best illustrated
by example. Consider a given iteration of an MDO algorithm (such
as the CSSO algorithm used in this research), which involves the
solution of an approximate optimization problem. Figure 5 shows
two types of situations for ½.®/ with a step ®.t/ taken in the search
direction S such that

xC
i D x .t /

i C ®.t/Si .49/

Figure 5a shows a situation in which ½ < 0:5, i.e., less than the ac-
ceptance limit, at the end of the step. By back tracking in ® using
the model Q½TANA, the step size ®acc , which would have resulted in a
successful step (½acc D 0:5) can be determined. On the other hand,
Fig. 5b shows a situation in which ½ > 0:5 at the end of the step, so
that the model Q½TANA is used to search forward, or explore, to deter-
mine how large of a step would have been acceptable. Mathemati-
cally, theacceptablestep ®acc can be estimatedby setting Q½.®/ D ½acc

in Eq. (45) and solving for the corresponding®acc to get

®acc D
µ³

r
¡
½acc ¡ ½.t/

¢¿
®.t/1 ¡ r d½

d®

­­­­
®.t /

´
C ®.t/r

¶1=r

.50/

A move-limit adjustment factor c is then calculated based on the
ratio of this acceptable step size to the actual step size (accounting
for the shift/scale transformation)

c D
®acc ¡ ®.t /

¯
®.t /

¡
®.t/ C ®.t/

¢¯
®.t/ ¡ ®.t/

¯
®.t/

D ®acc ¡ 1 .51/

The move-limit percentages are then adjusted as

AC
i D cA.t/

i .52/

In effect we have developed a strategy that provides an adjust-
ment factor that is continuous in nature (Fig. 6) and that provides
a more intelligent/� exible move-limit management scheme. Note
that the move-limit adjustment factor c is a function of ½.t/, ®.t/,
.d½=d®/j®.t / , and r , and, therefore, its shape as shown in Fig. 6
changes with each iteration.

Adaptation for Constrained Optimization
To this point, the strategy has been developedby focusing on the

minimization of a single function f without considerationof other
possible in� uencing quantities, namely, constraints (g; h). It has
been mentioned, however, that extension of the strategy to include
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constraints is possible by the introduction of a penalty function.20

In this research,a modi� ed form of the Lagrangianpenalty function

8.x; ¸; º; r p/ D f .x/ C j¸T g.x/j C jºT h.x/j

C r p[g.x/T g.x/ C h.x/T h.x/] (53)

is employed in the strategy. To supply reasoning for the modi� ca-
tion to be described, a closer inspection of the components of the
Lagrangian is required.

Signi�cance of the Lagrange Multipliers
Recall that the Lagrangian in its original form is

L.x; ¸; º/ D f .x/ C ¸T g.x/ C ºT h.x/ .54/

where ¸ and º are vectors of Lagrange multipliers corresponding
to active (or violated) inequality and equality constraints, respec-
tively (the multipliers are set to 0 for inactive constraints). Note that
when the design is feasible the Lagrangian reduces to the objective
of the original problem. For simplicity, only inequality constraints
and their multipliers will be included in the following formula-
tion, although the formulation also holds for equality constraints.
The Lagrange multipliers are not just arbitrary constants to impose
a penalty, they actually have a meaning in relation to the design
space. A necessary condition of optimality de� ned by the Kuhn–

Tucker conditions23 is that

rx L D rx f C ¸rxg D 0 .55/

In otherwords, if rx L is minimized, then a minimizerof the original
optimization problem is obtained; no further improvement can be
made starting from this design point. From Eq. (55), one can see
that the multipliers are constants that result in a linear combination
of the constraintgradients(the feasibledirection) that exactlyoffsets
the objective gradient (the usable direction). For the purpose of
example, consider a one-dimensionalproblem with one constraint.
In that case, Eq. (55) can be solved for ¸ as

¸ D ¡d f

dx

¿
dg

dx
D ¡d f

dg
.56/

Thus, ¸ provides a measure of the sensitivity of the objective func-
tion with respect to the constraint. In other words, if the bound of
a given constraint gi were shifted by a certain amount 1gi (which
can be interpreted as the amount of constraint violation), ¸i can be
used to give a linear estimate of the change in the objective function
1 f.i/ through a correspondingshift of the objective contour by

1 f.i / D ¡¸i 1gi .57/

This same meaning holds true in a design space of any dimension
with any number of constraints, although ¸ must then be solved
for in a least-squares sense, as described in the following section.
Thus, the rationale behind the multiplier terms j¸gj in the modi� ed
Lagrangian of Eq. (53) is that they penalize the merit function by
linear estimates of the amount of objective function gain realized in
violation of each constraint. This is shown in Fig. 7a. The absolute
value is a conservative measure and is required to enforce consis-
tency in the sign of the penaltybecause the method used to calculate
¸ (described in the following section) does not restrict the sign.

Calculation of Lagrange Multipliers
Direct calculation of the Lagrange multipliers ¸ via Eq. (56) is,

in general, not possible because Eq. (55) is an overdetermined lin-
ear system unless the number of constraints equals the number of
design variables. Therefore, a solution of the multipliers is sought
by solving the normal equations of the linear least-squaresproblem

¸ D ¡[rgT rg]¡1rgT r f .58/

This method of solving for the multipliers was � rst introduced in
Ref. 24 and is a straightforward execution of matrix operations on
the readily available Jacobiansof the problem. Equation (58) is also
referred to as a projectionformula as it arises when r f is projected
onto the tangent subspace of the constraints. In this research, a
slightly different approach is taken to preserve the meaning of the

a)

b)

Fig. 7 Penalty concept of the Lagrange multipliers.

multipliers in relation to each individual constraint. Rather than
solving for the multipliers of all active constraints simultaneously,
Eq. (58) is solved consideringeach active constraint individuallyso
that

¸ D ¡
£
rgT

i rgi

¤¡1rgT
i r f .59/

The multipliers obtained by solving Eq. (59) for each gi do not
necessarily satisfy the system of Eq. (58). Yet, the way in which the
multipliers are used in the present application does not require this
satisfaction. Instead, it is more important that the multipliers retain
the interpretationof a penalty based on the amount of function gain
realized in violation of each constraint. This concept is shown in
Fig. 7b.

Additional Penalty
The multiplier terms in Eq. (53) have been describedas penalties

proportional to the amount of function gain realized in violation of
the constraint bounds. In other words, they are a way of returning
the merit function to the value it would have had if it had stopped
at the constraint bound (by linear approximation). As a means of
further penalizing the function based on the extent of constraint
violation,the additionalterm in Eq. (53) is suppliedas a purepenalty
proportional to the amount of constraint violation, fashioned after
the bracketoperator.23 The constantpenaltyparameterr p is typically
set to be O(10), although an updatingscheme may be used to adjust
this parameter as the optimization proceeds.25

Application to the Trust Region Ratio
Making use of the modi� ed Lagrangians at the current and pre-

vious design iterates, the trust region ratio of Eq. (33) can now be
rede� ned as

½ .t/ D 8.t/ ¡ 8C

8.t/ ¡ Q8C
.60/

where

8.t/ D Qf .t/ C
­­̧g.t/

­­C
­­ºh.t/

­­C r p

¡
g.t/;T g.t/ C h.t/;T h.t/

¢

8C D Qf C C j¸gC j C jºhC j C r p.gC;T gC C hC;T hC/

Q8C D Qf C C j¸ QgC j C jº QhC j C r p.QgC;T QgC C QhC;T QhC/



WUJEK AND RENAUD 1919

Note that, when no constraints are active, Eq. (60) reduces to the
standard trust region ratio for unconstrainedoptimizationas de� ned
in Eq. (33). Implementation with this form of the trust region ratio
requirescare in activeconstraintset determination;that is, the active
constraint set may switch from the beginning of an iteration to the
end, requiring different constraints to be included in the calculation
of the current (8C; Q8C) and previous (8.t/) modi� ed Lagrangian
values. For consistent comparison of 8 values in the calculationof
½ , it is necessaryto usea commonmultiplierfor any constraintthat is
active in both thecurrentandpreviousdesigns.This is doneto ensure
that improvement in feasibility is accurately portrayed; if different
¸ are calculated, the nonlinearity of the design space can affect the
relationship portrayed in comparing the linearizations for penalties
as described earlier. Thus, for consistency,when a given constraint
is active in more than one design, the most violated version of the
constraint is used to determine ¸.

Point Rejection Scheme
Recall that when ½ < 0, the iterationis considereda complete fail-

ure; in such a case, to guarantee convergence, the new point must
be rejected, the trust region must be reduced, and the approximate
optimization must be repeated. In fact, the proof of convergence
for trust region algorithms is reliant on the rejection of bad iterates
(in which the merit function increased). The most straightforward
approach,which is commonly used, is to reduce the move limits by
one-half in the case of failure. However, as shown in Fig. 8, this
halving may result in a number of successive rejections, depending
on the proximity of the initial point to the minimum (or constraint
bound) and the amount of error in the approximations(faulty direc-
tion of search). Each additional rejection increases the cost of the
algorithm by one system analysis (one iteration).

The ideal reductionfactor to guarantee½ > 0 may actuallybe sig-
ni� cantly less than 0.5. Moreover, temporarycyclingmay still occur
even when ½ > 0 because the minimum may still be overstepped.In
fact, at this point it is logical to attempt to determine the minimum
of the merit function 8 in the current search direction because we
are sure that it is bounded by the previous point x.t/ and the new
candidate design x.t C 1/ (which is being rejected). Such a strategy
is offered in Ref. 14. In the research presented here, a similar but
arguablymore accurateapproachis taken,which utilizesan approx-
imation of the function based on sensitivity information at x.t/ and
x.t C 1/. This point rejection scheme is detailed in the Appendix.

Fig. 8 Inef� ciency of the halving method for point rejection.

Fig. 9 TRAM implementation � owchart.

IV. Implementation Details
Because the move-limit management strategy described in the

preceding sections is based on approximating the trust region ratio
½ , herein it will be referred to as the trust region ratio approxima-
tion method (TRAM) strategy. Having presented the theory behind
the TRAM move-limit management strategy developed in this re-
search,the stepsof the strategycan be clearlyde� ned with a detailed
discussion of the pertinent implementation issues. A � owchart for
implementing the TRAM strategy is given in Fig. 9. In each itera-
tion of an approximate optimization algorithm, the following steps
are executed to adjust the design variable move limits. For brevity,
certain references are made to equations presented in the earlier
sections.

1) Estimate the design progress/model behavior: First, calculate
lagrange multipliers. For the actual and approximate new designs
[C and . QC/, respectively] and the actual previous design .t/, cal-
culate the Lagrange multipliers ¸ from Eq. (58) for the active con-
straints of each design. For a constraint that is active in more than
one design, use a consistent ¸ calculated at the design for which
that constraintis most infeasible.Second,calculatetheTRAM merit
functions.For the designsC, . QC/, and .t/, calculate the correspond-
ing TRAM merit functions8C, Q8C, and 8.t/ according to Eq. (53).
Last, calculate the trust region ratio. Using the calculated TRAM
merit functions, evaluate the trust region ratio ½.t/ as in Eq. (60).

2)Analyzethe situation:Determinethecourseofactionaccording
to the following guidelines. For ½ · 0, reject the point and imple-
ment the point-rejection scheme (approximate 8C with a TANA-2
approximation, � nd the minimum of 8TANA-2 , and calculate the ad-
justment factorc). Go to step 5. For ½ > 1, setc D 2. Go to step 5. For
0 < ½ · 1, continue with step 3 to implement the TRAM strategy.

3) Model the trust region ratio: Calculate the TANA exponent for
½.®/. Use ½.t ¡ 1/ ´ 1, ½.t/, and .d½=d®/j® t to determine a TANA
exponentr [apply the shift/scale transformationof Eq. (48) to avoid
numerical dif� culties]. In this research, it was found that for ro-
bustness, i.e., to ensure global convergence in the solution of r , it
was necessary to implement a hybrid root solving algorithm. This
algorithm, as described in Ref. 26, takes a bisection step whenever
Newton–Raphsonprovidesa valuebeyondsomeprescribedbounds,
or whenever Newton–Raphson is not reducing the size of the brack-
eted region rapidly enough.

4) Backtrack/explore: Solve for the acceptablestep size ®acc . Us-
ing the model for ½.®/ calculated in step 3, backtrack (if ½ < 0:5)
or explore forward (if ½ > 0:5) along the previous search direction
to � nd ®acc for which ½TANA.®/ D 0:5 (use a root solving algorithm).
To avoid divergence, place limits of 1:5 · ®acc < 3 on ®acc corre-
sponding to restrictionof the adjustment factor to 0:5 · c · 2. Then
solve for the adjustment factor. Use ®acc to calculate the move-limit
adjustment factor c D ®acc ¡ 1.

5) Adjust the move limits: Calculate the move limits for the sub-
sequent approximate optimization procedure as

AC
i D cA.t/

i .61/

Steps 1–5 formally de� ne the TRAM strategy for automatically
managing the design variable move limits in an approximate opti-
mization algorithm. The quantities that must be obtained prior to
executing the TRAM strategy are listed preceding the � owchart in
Fig. 9. These quantitiesrequire that a system analysisand a sensitiv-
ity analysis be carried out on the current design iterate and that sim-
ilar information be available for the previous design iterate. These
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proceduresare common to approximateoptimizationalgorithms so
that no extra analysis burden is placed on the designer. The only
additional cost associated with implementing the TRAM strategy
is in executing the root solving algorithms to obtain both r (in step
3) and ®acc in step 4. However, because these are one-dimensional
problems of simple analytic functions with available analytic gra-
dients, the cost can be considered rather insigni� cant relative to
the cost of other MDO procedures (contributinganalyses, subspace
optimizations,etc.).

V. Conclusions
In this research, issues of move-limit management are reviewed

and a new adaptive strategy for move-limit management is devel-
oped. With its basis in the provably convergenttrust region method-
ology, the TRAM strategy utilizes available gradient information
andemploysa backtrackingprocessusingvarioustwo-pointapprox-
imation techniquesto provide a � exible move-limit adjustment fac-
tor. The TRAM strategyprovidesa more � exible move-limit adjust-
ment factor than direct trust region methods through the use of trust
region ratio sensitivities.Coupled with a new approximation-based
point rejection scheme, use of the TRAM strategy results in less
approximation error and leads to faster algorithm convergence as
observed in a companion paper. The development of the TRAM
strategy provides improved ef� ciency in the execution of approxi-
mate optimization algorithms.

Appendix: Point Rejection Scheme
A new strategy for reducing the size of the trust region in the case

of design point rejection (½ < 0) is formulated here. Essentially, the
problemis reducedto a univariatesearch in ® in the directionde� ned
for the current iteration,

S.t/ D xC ¡ x.t /

xC ¡ x.t /
.A1/

First, an approximation to the merit function 8 must be formed
in the region de� ned by ® 2 .0; ®.t//, where ®.t / D kxC ¡ x.t/k. The
derivative of 8 with respect to ® is de� ned as

d8

d®
D

nxX

i D 1

d8

dxi

Si .A2/

or more speci� cally, at the previous and candidate points, res-
pectively,

d8

d®

­­­­
x .t /

D
nxX

i D 1

d8

dxi

T
­­­­­
x.t /

Si and
d8

d®

­­­­
x C

D
nxX

i D 1

d8

dxi

T
­­­­­
xC

Si

(A3)

This provides � rst-order informationdescribinghow 8 will change
with the step size ® at both the previousand candidatedesign points.
However, it is obvious that a linear approximation is not suitable for
the present purpose. The main decision to be made then is the type
of approximation that should be employed. In Ref. 14, the gradients
of Eq. (64) are used in a simple fashion to approximate curvature
via a divided difference technique. This neglects any cross terms,
which could have been used to model the effects of design variable
interaction; thus, the accuracy of the approximation is questionable
in functions that containdesign variable interactions,a typical char-
acteristicof multidisciplinarysystems. This inaccuracyis evident in
Fig. A1, where for simpli� cation 8 is represented by the function
f D .x ¡ 1/2.y ¡ 2/2 along a given search direction, i.e., f .®/. At-
tempting to estimate the curvature using merely slope differences
not only neglects cross terms, but also does not guaranteea function
match at the candidate point xC. However, note in the plots formed
using actual second-order informationat the previous point x.t/ that
the inclusionof cross term Hessiancomponentsdoes not ensure any
greater accuracy because the curvature may change over the range
of the step. The ideal approximationwould match both the function
value and the slope at the current design and at the candidatedesign
to provide an accurate approximation over the entire step.

Such an approximation is offered by a variant of the TANA
method described earlier for modeling ½ . The TPEA developed in

Fig. A1 Various approximations for f within the current trust region.

Ref. 12 (and describedearlier in the review of move-limit strategies)
and the TANA method are combined in Ref. 27 to produce an im-
proved two-point approximation,TANA-2, which matches both the
functionvalues and the gradientsat the points x.t/ and x.t C 1/. Just as
in the TANA method, the approximation is based on the introduc-
tion of intervening variables; however, in this method a coef� cient
is determined for each variable such that

si D x pi
i ; i D 1; 2; : : : ; nx .A4/

The TANA-2 approximation is formed about the candidate design
as

Qz.x/ D z.xC/ C
nxX

i D 1

dz

dxi

­­­­
xC

xC1 ¡ pi

i

pi

±
x pi

i ¡ xC pi

i

²

C 1
2

²2

nxX

i D 1

±
x pi

i ¡ xC pi

i

²2

(A5)

or for the desired univariate search in ®

Qz.®/ D z
¡
®.t/

¢
C

dz

d®

­­­­
®.t /

®.t/1 ¡ p®

p®

¡
® p® ¡ ®.t /p® ¢

C 1

2
²2

¡
® p® ¡ ®.t/ p®

¢2
(A6)

The inclusion of ²2 is identical to adding second-order Taylor se-
ries effects, in which the Hessian matrix has only diagonal elements
of value ²2 . However, because this approximation is expanded in
terms of the intervening variables s, the error from the approxi-
mate Hessian is accounted for by adjusting the nonlinearity indices
p. The nx C 1 unknown quantities (pi and ²2 ) in Eq. (A5) require
nx C 1 equations for solution; however, in Eq. (A6), only two un-
knowns (p® and ²2 ) exist requiring two equations. Thus, it can be
seen that reduction to a univariate search in ® greatly reduces the
computational burden of forming the approximation.By matching
the derivatives at the previous point x.t/ (or ®0 ), a � rst equation is
obtained of the form

E1 D dz

d®

­­­­
®0

¡
³

®0

®.t/

´p® ¡ 1
dz

d®

­­­­
®.t /

C ²2

¡
® p® ¡ ®.t/ p® ¢

.®0/p® ¡ 1 p® D 0 (A7)

The other equation required is obtained by forcing the approximate
function value to meet that of the actual function at x.t/ (or ®0), that
is,

E2 D z.®0/ ¡ z
¡
®.t/

¢
C dz

d®

­­­­
®.t /

®.t/1 ¡ p®

p®

¡
®0; p® ¡ ®.t/ p®

¢

C 1
2

²2

¡
®0p® ¡ ®.t/p® ¢2 D 0 (A8)
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As in the approximation for ½ , the shift/scale transformationof the
® axis is required to avoid ®0 D 0, i.e., at the start of the iteration,
and to avoid numerical dif� culties. Solution of the set of nonlinear
equations

E1.p®; ²2/ D 0; E2. p® ; ²2/ D 0 .A9/

can be carriedout usingvariousexistingalgorithms.In this research,
the InternationalMathematicalandStatisticalLibrary(IMSL)28 rou-
tine DNEQBJ was utilized for this purpose. This routine uses a se-
cant algorithm to solve a nonlinear set of equations provided that
the Jacobian is given. For the problem at hand, the Jacobian terms
are derived and listed in Ref. 3.

The solutionofEq. (A9)providesan approximateHessianterm ²2

and a curvaturecorrectingexponent p® to form the TANA-2 approx-
imationto theobjectivefunction.As seen in Fig. A1, this approxima-
tion does an excellent job of modeling a function in one dimension
because it attempts to match both function and gradient values at
the current and previous points.

In the case of point rejection, the TANA-2 model of the objective
is used to estimate the bypassedminimum of the objective.This can
be carried out using any minimization or root-solving algorithm.
This research makes use of the IMSL routine DUVMID, which
uses the secant method combined with cubic interpolation to � nd
the minimumof the function8¤ along the previoussearchdirection.
This algorithm requires calculation of the gradient of the function,
which for the TANA-2 approximation is

gd8

d®
D

³
®

®.t /

´p®¡1
d8

d®

­­­­
®.t/

C ²2

¡
® p® ¡®.t/ p®

¢
.®/p® ¡1 p® .A10/

Once an estimate for 8¤ is obtained, the corresponding ®¤ can be
used to calculate the move-limit reduction factor by

c D ®¤ ¡ 1 .A11/

Because this rejection scheme is based on an approximation, to
guard against reduction of the move limits to zero, a lower limit
of 0.05 is placed on the reduction factor. The move limits for the
next iteration are calculatedby substitutingthe reductionfactor into
Eq. (52).
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